FORMS  OF NON-EUCLIDEAN SPACE.
55
For proof consider a point Q at a distance 7r/2/c from 0 on the geodesic line o?2=0, £3=0. The coordinates of Q are (1 /k, 0, 0, 0). Let a chain of congruent regions S0, $„ $2, • • • , Sn, be strung along the line 0$, the point Q lying in $n? and each region being obtained from the preceding one by the substitution
,            •              sin Id
Xl = Xl COS Ki + X0 — j—y
X0 = — cc^ sin kl -f- cc0 cos where I < J?.
Apply now to $0 the displacement
cos sin <
sn cos
x
This displacement will be transmitted to Sn through the chain SQ, Sv - • >, Sn. The distance D between the new and the original position of a point is given by
cos kD = XQX'Q + JPfax'i + x2x'2 + cc3cCg) = xl -f Tfx\ + lc\x\ + x\) cos <f> = cos ^> 4- (xl + *X) (X — cos ^)-
Now the line x0 = 0, x3 = 0, a portion of which lies in Sn, is displaced into itself, each point being moved through a distance D
where
cos kD = cos 0.
Hence as <£ varies from 0 to 2-Tr, the point Q is moved on #0 = 0, a?3 = 0 through a distance Qir/k. But a continuous variation of $ from 0 to 2?r restores S0 and hence Sn to its original position. Hence the geodesic line XQ = 0, #3 = 0 eannot have a length greater than 27r/k. The theorem is thus proved for a particular geodesicfrom Sl to 82) and hence eventually to Sn, thus establishing the fact to be proved.
